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Abstract 

We write down an anisotropic solution for a flat 5+1 dimensional Uni- 
verse in Gauss-Bonnet gravity. In the model under investigation this 
solution replaces the generalized Kasner solution near a cosmological sin- 
gularity. 

It is known for more than 20 years that the famous Mixmaster chaotic be- 
havior near initial singularity [T] is absent in space dimensions 10 and more 
Later deep connections of this result with theory of infinite-dimensional Lie al- 
gebras have been revealed [3- There is also an interesting fact (first noticed in 
[2] ) that the critical number of space-time dimensions for this problem coincides 
with the critical dimensionality of superstring theory, though it is still unknown 
whether it is a pure coincidence or some profound reasons connecting these two 
problems exist. An argument against a connections between these two proper- 
ties of 10-dimensional gravity is that the abovcmensioned results on chaos have 
been established in Einstein gravity, though string gravity corrections to Ein- 
stein equations (see, for example, [HE]) could change the dynamical behavior 
even in the framework of perturbation theory. There are several papers on chaos 
in string gravity, and the results are different, depending on matter content of 
the model O [7l [U [9j . However, the possible role of corrections to gravity sector 
is still to be investigated. The importance of additional terms in gravity sector 
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comes from modifications of Kasner solution near initial singularity and the fact 
that Kasner regimes are "basic blocks" of Mixmaster behavior. 

The goal of the present paper is to study power-law solutions in vacuum 
Gauss-Bonnet gravity, which replace Kasner solution near initial singularity. 
We chose the corrections to Einstcin-Hilbert action in the form of Gauss-Bonnet 
term for two reasons. First, Gauss-Bonnet contribution appears in the string 
gravity corrections. Second, this term is the next to Einstein term in Lovelock 
gravity [lOj . In the latter theory the equations of motion are the second order 
derivative equations for the metrics coefhcients in all levels, and the Lovelock 
gravity entered recently in a new stage of intense investigations, mainly in the 
area of black hole solutions [lTJ[T2] and related thermodynamical properties [13] . 
It should be noted that in 4+1 and 5+1 worlds, the action consisting of Einstein 
and Gauss-Bonnet term is the exact action of Lovelock gravity. Since in 4+1 
case the pure Gauss-Bonnet gravity is a analog of 2+1 dimensional Einstein 
gravity (a theory with no nontrivial vacuum solutions [14)). we restrict ourself 
by the case of 5+1 dimensions. 

Apart from the Gauss-Bonnet combination, other terms, quadratic in cur- 
vature lead to higher-derivative equations of motion, and this can modify cos- 
mology of the early Universe in a very dramatic way, including loss of stability 
of several important classical solutions (see, for example [15 for isotropic and 
[TBI ITT] for anisotropic Universe) . It is interesting that next to second order 
corrections in string gravity also lead to higher-derivative equations with corre- 
sponding modifications of cosmological solutions [S] [18] . In 3 + 1 dimensions the 
Gauss-Bonnet term does not contribute to equations of motion, though terms of 
the form F{GB), where F is some function, do contribute and give rise to some 
interesting cosmological scenarios (for recent progress see, for example, [191120] ). 
however, also resulting in higher-derivative equations. We do not study theories 
with such kind of equations of motion in the present paper. 



2 



There exist several attempts to study anisotropic multidimensional cosmo- 
logical solutions in Gauss-Bonnet gravity. However, as the main motivations 
for these studies was to find a conditions for dynamical reduction (details of 
this approach can be found, for example, in [3T1 [551 US] ) j the choice of met- 
rics have been often designed for this problem. The most common choice is an 
anisotropic Bianchi I metrics with 3 equal large and others equal small dimension 
[231[lSl[lS|j though other possibilities (3 group for 3 equal scale factors in 9+1 di- 
mensional Universe [27] , 3 different large and other equal small dimensions [28] , 
some other choices |29[ 130] ) have also been investigated in multidimensional 
anisotropic cosmology. In the present paper we deal with a generalized Bianchi 
I multidimensional metrics with different scale factors, and do not assume any 
additional relations between them. 

We consider a 5+1 dimensional theory with the action 

S = J y/^{R + aGB) (fx, (1) 
where GB is the Gauss-Bonnet term 

Gris — K riiklm ~ 4ii: Kik + -K . 
We study 6-dimensional generalization of Bianchi I metric 

g,fc = diag{-l, a{tf, b{tf , c{tf , d{tf,f{tf). (2) 

Defining the Hubble parameters Ha,b.c,d,e — a't'c'df possible to write 
equations of motion in the form of first integral 

'iHaHb + 2HaHc + 2HaHd + 2HaHf + 2Hi,Hc + 2Hi,Hd + 2HbHf + 2HcHd + 2HcHf + 2HdHf 

+24:a [HaHiyHcHd + HaHiyHcHj + HaHiyHdH ^ + HaH^HdHj + HhHcHdH-f] — 0, 

(3) 

and five dynamical equations. The first equation of motion has the form 
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2{Ht, + Hi) + 2{H, + Hi) + 2{Hi + H^) + 2{Hf + Hj) 

+2HbHc + 2HbHd + 2HbHj + 2HcHd + 2HcHf + 2HdHf+ 

+8a[3HbHcHaHf + {Hb + Hl){H^Ha + H^Hf + H^Hf) + {H^ + Hl){Ht,Hd + H^Hf + H^Hf) 

+{Hd + Hl){HbHc + HbHf + H^Hf) + {Hf + Hj){HbH^ + HbH^ + H^H^)] = 0, 

(4) 

four other equations can be obtained by cyclic transmutation of indexes. 

Our goal is to study generalizations of Kasner solution for gravity with the 
Gauss-Bonnet term. For a power-law behavior the interval has the form ds^ = 
—dt^ + Yli^^^'dxl, and we have i/, = ij, = —pi/t^. Substituting these 

relations into equations of motion, we get the following equations for pf. 

t^(piP2 + P1P3 + PiPa + PiPb + P2PZ + P2P4 + P2P5 + PzPi + P3P5 + PiPb) 

+ 12a{piP2P3P4 + P1P2P3P5 + P1P2P4P5 + P1P3P4P5 + P2P3P4P5) = 0, 

(5) 

i^[P2(P2 - 1) + P3{P3 - 1) + P4{P4 - 1) + P5{P5 " 1) + P2P3 + P2P4 + P2P5 + P3P4 + P3P5 + P4P5] 
+4:a[3p2P3P4P5 + P2{P2 - 1)(P3P4 + PsPS + P4P5) + Psfe - 1)^2^4 + P2P5 + P4P5) 
+P4{P4 - 1)(P2P3 +P2P5 +P3P5)+P5{P5 " ^)iP2P3 + P2P4 + P3P4)] = 0, 

(6) 

*^bl(Pl - 1) +P3{P3 - 1) +P4(P4 - 1) +P5{P5 - 1) +P1P4 + P1P5 + P3P4 + P3P5 +P4P5] 

+4a[3piP3PiP5 +Pl{pi - 1){P3P4 + P3P5 + P4P5) + P3{P3 - l)(PlP4 +P1P5+P4P5) 
+P4{P4 - '^){PlP3 +P1P5 +P3P5)+P5{P5 - 'i-){PlP3 + PlP4 + P3P4)] = 0, 

(7) 
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- 1) +P2(P2 - 1) +P4(P4 - 1) +P5(P5 - 1) + PlP2 + PlP4 + PlP5 + P2P4 + P2P5 + P4P5] 
+4:a[3piP2P4P5 + Pl{Pl - 1)(P2P4 + P2P5 + P4P5) + P2{P2 - l)(PlP4 + PlP5 + PiPh) 

+PA{pi - '^){PlP2 + P1P5 + P2P5) + PziPb - l)(PlP2 +P1P4 +P2?J4)] = 0, 

(8) 

t^[Pl{pi - 1) +P2(P2 - 1) +P3iP3 - 1) +P5{P5 - 1) +P1P2 +P1P3 + P1P5 + P2P3 + P2P5 +P3P5] 
+4:a[3piP2P3P5 +Pl{pi - 1){P2P3 + P2P5 + PSPs) + P2{p2 - l)(piP3 + PlP5 + PSPs) 
+P3{P3 - 1)(P1P2 +P1P5 +P2P5) +P5{P5 - 1)(P1P2 + PlP3 + P2P3)] = 0, 

(9) 

- 1) +P2{P2 - 1) +P3(P3 - 1) +P4(P4 - ^) + P1P2 + P1P3 + P1P4 + P2P3 + P2P4 + P3P4] 
+4a[3piP2P3P4 + Pl{Pl - 1)(P2P3 + P2P4 + P3P4) + P2{P2 - l)(PlP3 + PlP4 + P3P4) 

+P3{P3 - l)(PlP2 + PlP4 + P2P4) + P4{P4 - 1)(P1P2 + PlP3 + P2P3)] = 0, 

(10) 

Last terms of these equations come from Gauss-Bonnet contribution. Leav- 
ing the general case for a future work, we consider only low-energy and high- 
energy limits in the present paper. 

In the former case we neglect the Gauss-Bonnet term, and after a simple 
algebra we get the known 6-dimensional generalization of the Kasner conditions 

pI+pI+pI + pI+pI = i, 

Pl + P2 + P3 + P4 + P5 = 1, 

These equations define a 3-dimensional "Kasner sphere" (an analog of Kasner 
circle existing in the 3-1-1 dimensional cosmology) in the 5-dimensional space of 
Pi- 

Near a cosmological singularity f — > 0, and neglecting all terms containing 
time, we get from (5) 

P1P2P3P4 + P1P2P3P5 + P1P2P4P5 + P1P3P4P5 + P2P3P4P5 = 0, (12) 
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This equation contains a sum of products of four different pf, as tlie total number 
of different p is equal to 5, there are four possible terms. The equation (12) can 
be rewritten in a more compact form as 

^ PiPjPkPi = 0. (13) 

i<j<k<l 

It is clear that, like in the General Relativity case, at least one of pi should be 
negative. 

Taking an appropriate linear combination of the constraint and dynamical 
equations we get in the limit t the second useful equation: 

PliPl - 1)(P2P3 + P2P4 + P2P5 + P3P4 + P3P5 + P4P5) + 

P2{P2 - l)(PlP3 + PlPi + PlPb + PiPi + P3P5 + P4P5) + 

PaiPS - l)(PlP2 + PlP4 + PlP5 + P2P4 + P2P5 + P4P5)+ (14) 

P4{P4 - l)(PlP2 +P1P3 +P1P5 +P2P3 +P2P5 +P3P5) + 

PbiPd - l)(PlP2 +P1P3 +P1P4 +P2P3 + P2P4 + P3P4) ^ 0. 

We rewrite the equation in the form: 

The equations (13) and (15) determine a 3-dimcnsional subset in 5-dimcnsional 
space of parameters pi, which replaces the Kasner sphere in the pure Gauss- 
Bonnet gravity. 

This form of equations can be easily generalized to dimensions bigger than 
5+1. Starting from a Bianchi I metrics and following the procedure described 
above, it is possible to derive similar equations for other dimensions. We checked 
that the equations (13) and (15) remains the same for the 6+1 and 7+1 cases 
(the total number of pi is now bigger which leads to a bigger number of individual 
terms in the sums, though the structure of the sums does not change). However, 
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in these cases, if we continue to work in Lovelock gravity, the cubic curvature 
terms appear in the action, modifying further cosmological behavior near a 
singularity. 

We can easily find several particular cases, satisfying Eqs. (13) and (15). 
First of all, the 5-dimensional Milne solution (one of pi is equal to 1, others are 
zero) is still a solution for the Gauss-Bonnet gravity. Moreover, now nonzero Pi 
can be arbitrary. Even more general modification of the Milne solution is given 
by the combination of indexes (a, b, 0, 0, 0), where the values of constants a and 
b are not constrained. 

Using equations (13) and (15) it is possible to study the volume expansion 
rate. In order to do this we expand brackets in (15). First, consider terms with 
minus sign. It is easy to see that these terms form a set of all possible products 
of three p with different indexes, and each combination PiPjPk with i < j < k 
enters the sum three times. 

Going further, let us consider a combination Y^iPiJ2j<k<i PiPkPi- It con- 
tains terms of two possible forms. If the index i coincides with one of the indexes 
from the right sum, the resulting term has the structure of terms in remaining 
part of the Eq. (15), and each term of this part appears in the considered com- 
bination only one time. If the index i is different from indexes of the right sum, 
the term is a product of four different p. Each combination of indexes appears 
four times, and using (13) we see that this part of the combination vanishes. 

Combining these results, we get 

^ PjPkPi =^p1 X] P^P'' = ^ X] PjPkPl, 

i j<k<l i j<k<l 

and, hence, either 

Y^Pi = 3, (16) 
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or 

j<k<l 

The abovcmcntioned generalizations of 5-dimensional Milne solution belong 
to the case described by eq. (17). In this case we have no information on volume 
expansion rate. The equation (16), when it is applicable, is an analog of the 
second equation (11) for the Gauss-Bonnet gravity. It means that the volume 
of the Universe increases as a third power of the time instead of linear growth 
in GR. 

In the present paper we have found vacuum power-law solution in Gauss- 
Bonnet gravity for a flat Universe. Future work will be devoted to the influence 
of spatial curvature, and a possible problem is searching for analogs of Mixmas- 
ter behavior in Gauss-Bonnet gravity. 
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